Introduction
1 to X and will be called the space of quasimaps (following [14] ). It is a (generally speaking -singular) irreducible projective variety of complex dimension dim X + 2d 1 + . . . + 2d r .
The flag manifold is a homogeneous space of the group SL r+1 (C) and of its maximal compact subgroup SU r+1 . The action of these groups on X lifts naturally to the spaces Π, Π d , and Q M d . In addition to this action the spaces Π d and the subspaces Q M d carry the circle action induced by the rotation of CP 1 defined by (x : y) → (x : e iφ y). Thus the product group G = S 1 × SU r+1 and its complex version G C = C * × SL r+1 (C) act on the quasimap spaces. We will see later that Q M d have G-equivariant desingularizationsQ M d .
We denote by P = (P 1 , . . . , P r ) the G-equivariant line bundles over Q M d obtained by pulling back the Hopf bundles over the complex projective factors of Π d .
The G-equivariant holomorphic Euler characteristic of a G-equivariant holomorphic vector bundle V over a compact complex manifold M provided with a holomorphic G-action is defined as the character of the virtual representation of G in the alternating sum of the cohomology spaces:
Here q and Λ = (Λ 0 , . . . , Λ r |Λ 0 . . . Λ r = 1) are multiplicative coordinates on S 1 and on the maximal torus T r of SU r+1 respectively, and Q = (Q 1 , . . . , Q r ) are formal variables. The formula makes sense for integer values of z = (z 1 , . . . , z r ) but can be extended to, say, complex values of z by interpreting the right hand side by means of the Riemann-RochHirzebruch formula.
The finite- We can now state the main result of the paper.
Theorem 1. In each of the two groups of variables Q and Q the function G(Q, Q )
is the eigen-function of the finite-difference Toda operator:
Remarks.
(1) Theorem 1 together with some, rather general, factorization property of the generating function G uniquely determines G. We will prove this in Sect. 2 and also present there some explicit examples. The results of Sect. 2 link Theorem 1 with general concepts of quantum K-theory understood in the sense of [11] as K-theory on moduli spaces of stable maps.
Combining the results of Sect. 2 with a reconstruction theorem from [22] applied to the flag manifolds we conclude that Theorem 1 determines -at least in principle -all genus 0 K-theoretic Gromov-Witten invariants and their gravitational descendents. In degrees 1 and 2 the expansion spits out the momentum and the Hamilton operators of the quantum Toda lattice thus explaining the name ofĤ. In fact the Toda operatorĤ can be included into a complete set of commuting finitedifference operators ("conservation laws") in close analogy with the case of quantum and classical Toda systems. A construction of such operators in terms of quantum groups is described in Sect. 5.
(3) As we will see in Sect. 2, the generating function G is a common eigen-function of the commuting conservation laws of the finite-difference Toda system. This result is a K-theoretic counterpart (in the case of the series A r ) of the theorem by B. Kim [17] characterizing intersection theory in spaces of holomorphic maps CP 1 → G/B in terms of quantum Toda lattices (see Sect. 5.1 for more details).
(4) A conjecture generalizing Theorem 1 to the case of flag manifolds X = G/B of arbitrary semi-simple complex Lie groups G and intertwining K-theory on moduli spaces of stable maps with representation theory of quantum groups is explained in Sect. 5 (which can read directly after Sects. 1 and 2).
(5) The results of the paper were completed in the Summer 98 and reported by the authors at a number of conferences and seminars. In this version of the paper we decided to leave the material of Sect. 5 in the form close to the preliminary text written in 1998. In particular, we did not try to match the quantum group description of finite-difference Toda lattices given in Sect. 5 with the (apparently very similar) construction that has become standard since then due to the paper [7] by P. Etingof. Perhaps partly motivated by our conjectures, the paper places the finite-difference theory of Whittaker functions on foundations much more solid than those available to us in 1998.
(6) Initially the conjecture proved in this paper served as a motivation for developing basics [11, 21] of quantum K-theory -a K-theoretic counterpart of quantum cohomology theory. Moreover, one can heuristically interpret the generating function G as an object of Floer-type (or semi-infinite) K-theory on the loop space L X equipped with the S 1 -action defined by the rotation of loops. According to [9] this heuristics, applied in cohomology theory, suggests existence of a D-module structure (which in the case of flag manifolds is identified by Kim's theorem [17] with the quantum Toda system). The same arguments in K-theory lead to a finite-difference counterpart of the D-module structure. While results of the present paper conform with this philosophy, the role of finite-difference equations in the general structure of quantum K-theory remains uncertain (see Sect. 5 (d) in [10] for a few more details on this issue).
(7) The proof of Theorem 1 is presented in Sects. 1-4. In Sect. 1 we discuss independence of the function G on desingularizations. In Sect. 2 we use desingularizations of the quasimap spaces based on moduli spaces of stable maps in order to obtain the factorization and other properties of the function G mentioned in the Remarks 1,3. In Sect. 3 we describe the hyperquot schemes -another equivariant desingularizations of the spaces Q M d -and compute their equivariant canonical class. This result plays a key role in our derivation of Theorem 1 given in Sect. 4.
Rational desingularizations
A germ (M, p) of a complex irreducible algebraic variety is called rational if for any desingularization π : (M , p ) → (M, p) all higher direct images of the structure sheaf of M vanish in a neighborphood of p:
and
A non-singular germ is rational. This is a rephrasing of the famous Grothendieck conjecture [13] proved by Hironaka [16] on the basis of his resolution of singularity theorem and saying that (3) holds true for any f : M → M which is a proper birational isomorphism of non-singular spaces.
Another easy consequence [15] of the Hironaka theorem is that the condition (3) in the definition of rational singularities is automatically satisfied for all desingularizations if it is satisfied for one of them. 2 In particular, it makes obvious the fact that the product of a rational singularity with a non-singular space has rational singularities.
Let us call a rational desingularization of a singular space N a proper birational isomorphism M → N where M is allowed to have rational singularities at the worst. Consider a compact irreducible complex variety N and two birational desingularization g i :
In our applications, we take on the role of N the quasimap spaces Q M d of the space of maps CP 1 → X. The holomorphic Euler characteristics we are really interested in are those for bundles on Q M d pulled back to the graph spaces (see Sect. 2). For flag manifolds X the graph spaces are orbifolds, and it is important for us that, due to a theorem by Viehweg [27] , singularities of orbifolds are rational.
We need however the following equivariant refinement of the above independence argument:
Proposition 1. Let a compact connected Lie group G act by holomorphic transformations on a compact irreducible complex projective variety N and on two of its equivariant projective rational desingularizations
Proof. Proposition 1 would immediately follow from an equivariant version of the Hironaka resolution of singularities theorem. Since we do not know a suitable reference, we derive Proposition 1 from its non-equivariant version as follows.
The equivariant holomorphic Euler characteristic is a character of a virtual representation of G and is determined by its restriction to the maximal torus in G. Therefore we may assume that G is such a torus. Furthermore, the characters are determined by their (sufficiently high order) jets at the point 1 ∈ G. These jets have the following interpretation in equivariant K-theory.
Let
be M i -bundles associated with the restriction of the universal G-bundle to BG (n) . Similarly, consider the associated N-bundle 
where the vector bundles W run a basis in K * (BG (n) ). The bundles π i are locally trivial with fibers M i having only rational singularities. Therefore their total spaces (M i ) (n) G have only rational singularities too. The proposition follows now from its non-equivariant version applied to the rational desingularizations F i of the spaces N (n) G .
Graph spaces and factorization
2.1. Let X be the complete flag manifold as in the Introduction. The graph of a degree d holomorphic map CP 1 → X is a genus 0 compact holomorphic curve in G X := CP 1 × X of bi-degree (1, d) , i. e. of degree 1 in projection to CP 1 and of degree d in projection to X. We define the graph space G X d as the moduli space of genus 0, unmarked stable maps to G X of bi-degree (1, d) . For X = G/B, the graph spaces G X d , according to [18, 4, 8] , are compact complex projective 4 algebraic orbifolds of dimension 2d 1 + . . . + 3 The coincidence, tautological in topological equivariant K-theory [2] , holds true in the context of algebraic geometry for non-singular complex manifolds due to the compatibility of algebraic-geometrical and topological K-theoretic push-forwards (see [3] ). We need here a more general statement applicable to possibly singular spaces M. We don't have a suitable general reference and assume that M are projective instead. Then one can use an equivariant embedding of M into a projective space P in order to push-forward
and then apply the coincidence in question for the non-singular space P. 4 See, for instance, [8] where projectivity of moduli spaces of stable maps to complex projective manifolds is proved. We need this property only to assure that Proposition 1 applies to the graph spaces considered as equivariant rational desingularizations of the quasimap spaces. 2d r + dim X. They provide therefore compactification of spaces of degree d holomorphic maps CP 1 → X and inherit the action of G C = S 1 C ×SL r+1 (C) from the componentwise action on target space.
The natural birational isomorphism between the graph spaces and quasimap spaces is actually defined by a regular map (see for example [10] ) which can be described as follows. A bi-degree (1, d) rational curve in 1 the images of the vertical curves Σ j in projection to CP 1 . Multiplying the binary forms by the common factor with roots of multiplicity m j at ζ j we obtain the degree d i vector-valued binary form which specifies the image of our curve in
is defined by the above construction applied to each component of the Plücker embedding. 
The following result allows to separate the variables Q and Q in the generating function G(Q, Q
In the description of the series J, and in the proof of Proposition 2 we will encounter the following concepts standard in Gromov -Witten theory (see for instance [18, 4] for their definitions and properties). We will use the symbol X m,d for the moduli space of genus 0 degree d stable maps f : (Σ, ε 1 , . . . ε m ) → X with m marked points (and we intend to avoid the notation (CP 1 × X ) 0, (1,d) for the graph spaces G X d ). Let L denote the universal cotangent line bundle over X 1,d formed by the cotangent lines T * ε Σ to the curves (Σ, ε) at the marked point ε (see [11] for a discussion of these line bundles in the context of K-theory). Let ev * :
be the K-theoretic push-forvard by the map ev : X 1,d → X defined by the evaluation f → f(ε) at the marked point. In these notations
Proof. It is based on localization to fixed points of the S 1 -action on the graph spaces G X d and goes through with minor modifications in the general setting of quantum K-theory described in [11] .
Let us begin with some general remarks on K-theoretic fixed point localization for S 1 -actions on orbifolds (the generalization to tori actions is immediate but is not needed here). When V is an S 1 -equivariant complex bundle on a closed complex manifold M, we have the following BottLefschetz localization formula
Here N is the normal bundle to the fixed point submanifold (n) and N = N (n) are decompositions by the characters q n , n ∈ Z, of the S 1 -action, and Euler(W ) :
. . is the "Koszul complex" of a bundle W. The restriction homomorphism i * is known to be an isomorphism over the field of fractions of the coefficient ring K * S 1 ( pt). The localization formula follows therefore from the identity i
In the orbifold / orbibundle situation the above argument goes through. However the canonical lift of the infinitesimal action of S 1 on M and V to local non-singular charts, when integrated to a circle action, may lead to a "larger circle". As a result, the orbibundles i * V and N on M S 1 decompose into the characters q n/m , n ∈ Z, of certain m-fold cover of S 1 . By the definition of holomorphic Euler characteristic on orbifolds χ
Thus only the integer powers of q are to be confined on the RHS of the localization formula or, equivalently, the average over all the m values of q 1/m should be taken. Having stated the genaral rule we should point out that Proposition 2 deals only with curves of degree 1 in projection to CP 1 , which implies m = 1 so that the aforementioned modification of the fixed point localization formula does not occur.
Then f consists of the graph of a constant map CP 1 → X and of two stable maps f ± :
, with one marked point ε ± each, attached to the graph at the points f ± (ε ± ). Here X ± are two copies of X, namely the slices of the product CP 1 × X over the fixed points (1 : 0) and (0 : 1) of the S 1 -action on CP 1 . In the extremal cases d + = 0 or (and) d − = 0 only one (none) of the maps f ± is present. A fixed point component in G X d is therefore identified with the suborbifold in the product X 1,d + × X 1,d − of moduli spaces of stable maps to X with one marked point, given by the diagonal constraint ev( f + ) = ev( f − ) in X × X for evaluations at the marked points.
According to the construction of the map µ : Each of the vertical curves f ± contributes a 2-dimensional summand into the conormal bundle to the fixed point component. The two infinitesimal deformations of [ f ± ] breaking the S 1 -invariance correspond to the shift of the vertical curve away from the slice X ± and to the smoothening of Σ at the nodal point ε ± . These deformations contribute respectively the factors
) to the denominator of the Bott-Lefschetz localization formula. Here L ± is the universal cotangent line bundle over
The contribution of the fixed point component to the localization formula can be therefore written as
(where however the factor (ev ± ) * [. . . ] should be omitted if d ± = 0). We use here transversality of ev + × ev − to the diagonal i : ∆ ⊂ X × X, which allows us to replace the push-forward to X 1,d + × X 1,d − of the structure sheaf of the fixed point component by (ev
It remains to recall that G(Q, Q ) is transformed to G by the substitution Q = Qq z .
2.3.
Proposition 2 shows that Theorem 1 has the following reformulation. The series J turns into 1 when reduced modulo Q. In particular, for the manifold X of complete flags in C r+1 application of the operatorĤ Q,q to p ln Q/ ln q J yields, modulo Q, the factor p 1 + p
r . The factor represents the trivial bundle C r+1 and is thus equal to Λ
defines r projections X → X (i) to partial flag manifolds with the fiber CP 1 . The degrees 1 1 , . . . , 1 r of the fibers considered as rational curves in X form the basis in H 2 (X ) dual to the basis (−c 1 ( p 1 ), . . . , −c 1 ( p r )) in H 2 (X ) (and are represented by the monomials Q 1 , . . . , Q r in our generating series). This identifies X (i) with the moduli space X 0,1 i , the projection X → X (i) -with the forgetting map ft : X 1,1 i → X 0,1 i , and shows that the evaluation map ev : X 1,1 i → X is an isomorphism. This information about curves of minimal degrees in X allows us to compute J modulo (Q) 2 :
The finite-difference equationĤ I = ( Λ −1 j )I for I = p ln Q/ ln q J is equivalent to the recursion relation 
where 
We have
It is not hard to check directly that modulo the relations the series satisfieŝ
I, wherê
and that
3. Hyperquot schemes and the canonical class [5, 6] the hyperquot schemes are compact non-singular algebraic manifolds.
More generally, the construction applies to partial flag manifolds and to grassmannians (in which case one obtains Grothendieck's quot-schemes studied in [26] ) and thus provides some non-singular compactifications of spaces of parameterized rational holomorphic curves in these spaces. In the case of degree −d line subbundles in C N the quot-scheme coincides with the projectivization CP N d of the space of vector-valued binary forms described in the Introduction.
to the product of the quot-schemes. The image of this map is the quasimap space Q M d . According to [5, 6] , the hyperquot schemes are non-singular compact algebraic manifolds. Therefore the map
provides an equivariant desingularization of the quasimap space. Recall that q denotes the generator in the coefficient ring K *
Theorem 3. The class of the canonical line bundle K d in K *

G (HQ d ) ⊗ Q coincides with the pull-back by λ of
, where
Proof. The moduli spaces HQ d is naturally equipped with the universal flag (see [5, 6] [5, 6] , the tangent sheaf T d of the hyperquot scheme can be described as the kernel of the following surjection:
Here f i : E i → E i+1 are the inclusions and
are corresponding projections. In other words, the class of the tangent bundle
It is easy to see from long exact sequences generated by 0
Thus the class of tangent bundle is represented by the K -theoretic push-forward along the projection pr :
We intend to compute the equivariant 1-st Chern class of T d by means of the relative Riemann -Roch theorem:
where Ch and Td are equivariant Chern character and Todd class respectively. Since fibers of pr have dimension 1, it suffices to confine only terms of degree ≤ 2 in Ch(V ) and Td(CP 1 ) in order to compute the 1-st Chern class of pr * (V ). Our computation goes through due to the following "miracle": for a virtual bundle V of the form
have dimensions i and E r+1 is trivial, the degree ≤ 2 terms of Ch(V ) depend only on 1-st Chern classes c 1 (E i ). Namely,
In our situation E r+1 = C r+1 is topologically trivial, but carries a nontrivial action of SL r+1 (C). Yet c 1 (E r+1 ) = 0, but we get an extra summand rc 2 (E r+1 ). This summand however is a constant const ∈ H 2 (BSU r+1 ) and will disappear from our formulas after integration over CP 1 . Notice that c 1 ( is generated over the coefficient ring H * (BS 1 × BG) by the equivariant 1-st Chern class H = c 1 (P) of the Hopf line bundle P. The tautological com-
Now we apply the above construction to each factor in 
Replacing powers of in this formula by their push-forwards pr * (1) = 0,
we finally conclude that (at least over Q) It is easy to see that such a flag is equivalent to one of the following, described by the matrices ∆ + and ∆ − near (1 : 0) and (0 : 1) respectively. Let ζ be the coordinate on CP 1 near (1 : 0), and (ζ m ) denote the ideal generated by ζ m in the local algebra of functions on CP 1 near at this point. In a neighborhood U of ζ = 0 put
Another useful property of the hyperquot schemes is that fixed points of the action on HQ d of the maximal torus S
The conditions on the matrices ∆ ± guarantee the subsheaves form a flag and that their degrees are equal to d r+1− j .
Remark. One can continue along these lines and write down explicitly Bott -Lefschetz fixed point localization formulas on HQ d . In particular, one can easily recover this way the factorization property of the function G described by Proposition 2. On the other hand, we were unable to see how combinatorics of the localization formulas (which in principle determine the function G) implies the recursion relation (4). In the proof of Theorem 1 given in the next section we choose a different way which refers to localization formulas in the projective spaces Π d instead. What we need to know about the hyperquot schemes is only Theorem 3 and the very fact that fixed points in HQ d are isolated.
Localization and recursion
The recursion relation (4) can be restated as an identity between some elements in
be the K -theoretic push-forward of the trivial line bundle over the graph space to the product Π d of projective spaces along the map µ : 
Comparing with the recursion relation (4) we find that the induction hypothesis implies vanishing of localizations of (4) ).
Remark. Vanishing of the localization at the last fixed set Π 
is the character of a virtual representation of G and is therefore represented by a Laurent polynomial, that is a regular function on the maximal torus of the group
When expressed in terms of the localiza-
) (which typically have lots of other poles in q besides q = 0, ∞) the polynomiality property yields serious constraints on J d . Yet it turns out (although we are not going to describe the details here) that the constraints are not powerful enough in order to uniquely determine all J d , and we need additional geometrical information about them.
Consider further localizations
to the (r + 1)! fixed points σ ∈ X of the maximal torus T ⊂ SU r+1 (C). The restriction are rational functions of q and Λ and can be written in the form
are polynomials in q not vanishing at q = 0 simultaneously. We claim that in fact
(where we put d i = 0 for i ≤ 0 and i > r). This follows from general structure of Bott -Lefschetz fixed point localization formulas applied to the hyperquot schemes and from Theorem 3.
Indeed, consider the (isolated!) fixed points (σ, ∆) (see Sect. 
where (ν α , χ α ) specify the characters of respectively S 1 and T on the 1-dimensional invariant subspaces in T * 
Notice that the sum α ν α coincides with the character of the S 1 -action on the top exterior power of T * σ,∆ . Using Theorem 3 together with the fact that restrictions of P i to Π
regardless of the index ∆.
4.3.
With the estimate (7) at hands we now complete the induction step as follows. The estimate shows that the total order of poles of J
On the other hand, we claim that the localizations
T have no poles at q = 0, ∞. Indeed, for any z ∈ Z r the G-equivariant holomorphic Euler characteristic of the sheaf
is a Laurent polynomial of q and Λ.
By the induction hypothesis localizations of this sheaf to all fixed points of S 1 -action with d + = d vanish, and thus the Euler characteristics is equal to
σ(r) of p z to the (r + 1)! fixed points σ (identified in this formula with corresponding permutations) are linearly independent exponential functions of z. This shows for each σ
(where we put C d−1 0 = 0) must be Laurent polynomials.
Using the estimate (7) and the identities
is a rational function of the form R(q)/S(q) with S(0) = 0 and
This conclusion together with the property of (8) to have no finite non-zero poles leads to a contradiction unless
The inequality implies |d| ≤ 1 (and turns into equality for d = 0 and 1 i .) Indeed, denote the maximum and the minimum by α and β. We have Remarks.
(1) In cohomology theory, the arguments parallel to those used in Sect. 4.1 (i. e. the general factorization and polynomiality properties plus explicit description of spaces of curves of degrees |d| ≤ 1) would have been sufficient in order to determine the counterpart of the series J unambiguously and thus prove Kim's theorem [17] (2) In K -theory, the dimensional argument is not available. Let us look however at the integral formula (2) (yet conjecturally) representing G for r = 2. For d 1 , d 2 large enough and z 1 , z 2 > 0 small enough the integrand has no poles with P 1 , P 2 = 0 or ∞, and thus the integral is equal to 0. If known a priori, this property would provide enough linear dependencies between localizations of H d in order to complete our proof.
(3) The same property of the countur integral (see Sect. 2.4) representing the Bott -Lefschetz formula for complex projective spaces follows a priori from the Kodaira -Nakano vanishing theorem. It would be interesting to figure out what kind of vanishing theorems would guarantee this property in the case of the graph spaces G X d .
(4) In the above proof we exploited another property which is manifest in (2): the difference d In K -theory, we introduce
where P i denote the Hopf line bundles on Π d pulled back to G X d by µ. Due to the factorization property of Sect. 2 we have (for Q = Qq z ):
where the series
The conjecture we are about to describe says that I K is a common eigen-function of the conservation laws of the finite-difference Toda lattice corresponding to g .
5.2.
The commuting differential operators of quantum Toda lattices originate (see [19, 24] ) from the center Z Ug of the universal enveloping algebra Ug . Similarly, commuting finite-difference operators of the Toda lattice originate from the center of the corresponding quantum group U q g .
Let g be the simple complex Lie algebra Langlands-dual to g (i. e. g = g unless they have the types B r and C r which are dual to one another). The quantum group U q g is defined as a (Hopf) algebra in terms of generators
. . , r and relations (see for instance [23] ):
.
is the group algebra of the root lattice for g . In the Toda theory it is useful to extend the root lattice (and the quantum group) to the co-weight lattice of g . We introduce the commuting generators P 1 , . . . , P r corresponding to fundamental weights of g (i.e. to fundamental co-weights of g ) so that 
,
Notice that the Serre relations (9) allow 1-dimensional representations χ − : U q n − → C of the subalgebra generated by (Q − 1 , . . . , Q − r ) due to the following q-binomial identity:
and that the Borel subalgebra U q b + generated by P ±1 i and Q + j has a representation π + onto the algebra of finite-difference operators Q
In order to construct commuting finite-difference operators from the center Z U q g of the quantum group we, following B. Kostant, represent the quantum group as the tensor product U q b + · U q n − of the subspaces, then notice that the linear map U q g → U q b + ⊗ U q n − restricted to the center is a homomorphism of algebras Z U q g → U q b + ⊗ U . . ,P r ). Recall now that the generators P i correspond to fundamental weights of g. This allows us to consider the symbols as W-invariant functions on the maximal torus of G. Finally, the form of the finite-difference Toda system we need reads:
where Λ = (Λ 1 , . . . , Λ r ) are Laurent coordinates on the maximal torus of G equal to highest weights of the fundamental representations. [23] (Theorem 12). At the moment we are not ready to specify the choice to be made in the above Conjecture.
(2) The construction of commuting Toda operators is an algebraic version of the following geometrical description for differential Toda systems: interpret the center Z Ug of the universal enveloping algebra as the algebra of bi-invariant differential operators on the group G and make them act on the functions on the maximal torus T by extending such functions to the dense subset N + T N − ⊂ G equivariantly with respect to given generic characters χ ± : N ± → C × (i. e. restrict the operators to the sheaf of functions f on G satisfying f(n + gn
− )). The Hamiltonian differential operator H of the quantum Toda system is obtained by this construction (followed by the -shift) from the bi-invariant Laplacian on G .
(3) By the Harish-Chandra isomorphism, central elements in Ug correspond to ad-invariant elements in S(g ) (or to W-invariant polynomials on the Cartan subalgebra of g). Similarly, central elements in U q g correspond to W-invariant functions on the maximal torus of G. This explains why the operator (2) does not look like a finite-difference version of the 2-nd order differential operator H: the operatorĤ corresponds to the trace of unimodular matrices, while H corresponds to the trace of square for traceless matrices. For classical series there are relatively simple algebraic formulas for generators of Z U q g quantizing traces of powers of matrices in the vector representation (see [23] , Theorem 14). It is not hard to point out explicitly the finite-difference Toda operator corresponding in the above Conjecture to the trace in the co-vector representation of a classical group.
Whittaker functions.
In harmonic analysis, one constructs eigenfunctions of the center Z g as matrix elements of irreducible representations of G . This construction in the case of the Toda system (10) includes the following ingredients. Let |v ∈ V be a Whittaker vector in an irreducible representation of U q g , i. e. a common eigen-vector of the elements Q In the case of differential Toda lattices the construction of eigen-functions as matrix elements (which requires existence of suitable Whittaker vectors, covectors and integrability of the representation of g to the maximal torus T ⊂ G at least) can be realized (see [19, 24] ) in suitable analytic versions of the principal series representations on the role of V . According to [7, 25] (see the Remark (5) in the Introduction) the construction can be carried over to the case of quantum groups. We arrive therefore at the following representation-theoretic interpretation of the Conjecture generating functions for representations of S 1 × G in cohomology of line bundles on spaces of rational curves in G/B = matrix elements in ∞-dimensional representations of the Langlands-dual quantum group U q g .
We expect that the LHS of this equality has a natural interpretation in terms of representation theory for the Kac-Moody loop groupLG at the critical level (rather than in terms of generating functions for representations of S 1 × G). The reason is that the graph spaces G X d (or the quasimap spaces µ(G X d ) ⊂ Π d ) can be considered as degree d approximations to the loop space L X with the circle action induced by the rotation of loops. Moreover, according to [14] these spaces provide adequate geometrical background for semi-infinite representation theory of loop groups. However we do not have at the moment any direct evidence in favor of this expectation.
